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[1] In situ crystallography based on diamond anvil cells have been extended to the

multimegabar regime. Temperatures in these experiments have crossed the 2500 K mark.
Yet, current high pressure-temperature (PT) standards of calibration produce
uncertainties that inhibit clear conclusions about phenomena of importance to planetary
processes, e.g., the postperovskite transition in Earth’s mantle. We introduce a new
thermal equation of state (EOS) of MgO which appears to be predictive up to the
multimegabar and thousands of kelvin range. It is obtained by combining first principles
local density approximation quasi-harmonic (QHA) calculations with experimental lowpressure data. This EOS agrees exceptionally well with shock compression data. The
postspinel and postperovskite phase boundaries recalculated using our EOS match
seismic observations. The latter, in particular, supports the idea that postperovskite
transforms back to perovskite before the core-mantle boundary. The recalculated
experimental Clapeyron slope of the postperovskite transition is also more consistent
with those obtained by first principles calculations.
Citation: Wu, Z., R. M. Wentzcovitch, K. Umemoto, B. Li, K. Hirose, and J.-C. Zheng (2008), Pressure-volume-temperature
relations in MgO: An ultrahigh pressure-temperature scale for planetary sciences applications, J. Geophys. Res., 113, B06204,
doi:10.1029/2007JB005275.

1. Introduction
[2] Diamond anvil cell studies have revealed several
properties of materials at extreme pressures and temperatures (PT) [Murakami et al., 2004; Loubeyre et al., 2002;
Isshiki et al., 2004; Dubrovinsky et al., 2003] that are
important for understanding planetary interiors. The significance of these observations depends critically on the
precise measurement of pressure using a reliable standard.
In previous high-pressure experiments, the EOSs of metals
such as Au and Pt and nonmetals like MgO and NaCl have
been commonly used as standards. Unfortunately, discrepancies have been observed when different standards or the
same standard but different EOSs are used. The discrepancy
in pressure becomes larger at high temperatures, resulting in
uncertainties as large as 4 GPa at 2200 K [Fei et al., 2004a].
For example, the postspinel transformation pressure in
olivine is found to be significantly lower than that of the
660 km seismic discontinuity by more than 2 GPa if the Au
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scale of Anderson et al. [1989] is used. In contrast, if the
MgO pressure scale of Speziale et al. [2001] is used, the
transformation boundary is close to the 660 km seismic
discontinuity. The large discrepancy observed in these
studies could lead to different understanding of the nature
of the 660 km seismic discontinuity and therefore of the
mantle dynamics. The discrepancy in pressure is more
significant at pressures over 100 GPa. The simultaneous
X-ray diffraction measurements of the volumes of Au and
Pt, for example, showed that the Pt pressure scale, i.e., its
EOS, predicts pressures higher than Au by about 15 GPa at
120 GPa, even at room temperature [Akahama et al.,
2002; Dewaele et al., 2004]. These discrepancies have
prompted studies to build internally consistent pressure
scales [Fei et al., 2007; Dorogokupets and Oganov, 2007].
[3] The EOSs of MgO have been extensively investigated
by several semiempirical, simplified nonempirical models
[Zhang and Bukowinski, 1991; Inbar and Cohen, 1995;
Matsui et al., 2000], and first principles calculations [Karki
et al., 1999, 2000; Oganov and Dorogokupets, 2003a; Lu et
al., 2005; Alfè et al., 2005]. Among these studies, the
thermodynamic properties of MgO at high PTs have been
best described by first principles quasi-harmonic (QHA)
calculations [Karki et al., 1999, 2000; Oganov and
Dorogokupets, 2003; see also Alfè et al., 2005] within the
regime of validity of this approximation [Wentzcovitch et
al., 2004]. This means that thermal pressure in first principle
QHA calculations is considerably precise, which is very
helpful since the experiments suffer from large uncertainties
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1981]. The magnesium pseudopotential was generated by
the method of U. von Barth and R. Car (unpublished
method, 1992) (for a brief description of this method, see
Dal Corso et al. [1993]). Five configurations 3s23p0,
3s13p1, 3s13p00.53d00.5, 3s13p00.5, 3s13d1 with decreasing weights 1.5, 0.6, 0.3, 0.3, and 0.2, respectively, were
used. Cutoff radii are r(3s) = r(3p) = r(3d) = 2.5au, with
d locality. The oxygen pseudopotential was generated by
the method of Troullier and Martins [1991] with the
configuration 2s22p4. Cutoff radii are r(2s) = r(2p) =
1.45au, with p locality. The plane wave energy cutoff is
90 Ry. The Brillouin zone sampling for electronic states
was carried out on a 4  4  4 k mesh with a shift of
(1/2, 1/2, 1/2) for both, the NaCl-type and CsCl-type structures. Static pressures at 76.44 Å3 using a 4  4  4 k mesh
(10 k points) and a 6  6  6 k mesh (28 k points) differ by
less than 0.01 GPa. Dynamical matrices were computed
on a 4  4  4 q mesh using density functional
perturbation theory [Baroni et al., 2001] and then interpolated in a 16  16  16 q mesh to produce the vibrational
density of states. Although the 12  12  12 q mesh for
interpolations is sufficient, we adopted a 16  16  16 q
mesh in this work. The pressure difference between 16 
16  16 and 12  12  12 q mesh is at most 0.05 GPa at
3000 K and 0 GPa. Thermodynamic properties were
determined using the quasi-harmonic approximation
(QHA) [Wallace, 1972]. Within this approximation, the
Helmholtz free energy is given by
1X
hwj ðq; V Þ

2 q;j
X 


þ kB T
ln 1  exp 
hwj ðq; V Þ=kB T

F ðV ; T Þ ¼ U0 ðV Þ þ

ð1Þ

q;j

Figure 1. Comparison between our uncorrected EOS with
(a) quasi-static compressive results at 300 K and 1100 K
and (b) shock wave data [Svendsen and Ahrens, 1987].
Dashed line is Speziale et al.’s [2001] EOS.

in the thermal pressure. At very high temperatures, e.g.,
above 1000 K at ambient pressure, anharmonic effects are
nonnegligible and must be accounted for. We present here
first principles high-temperature QHA calculations of MgO,
which are in exceptional agreement with high PT shock
wave data. Our calculated EOS also agrees well with the Li
et al.’s [2006] absolute pressure scale. Therefore, our EOS
can be directly used as pressure scale at ultrahigh pressures.
At low pressures, we combine our results with experimental
data to correct for insufficiencies of our first principles
treatment (small volume overestimation of 0.6%). We also
introduced a semiempirical anharmonic correction that
expands the temperature range of application of our earlier
EOS based on the QHA.

2. Method
[4] Computations were performed using density functional theory within the local density approximation
(LDA) [Ceperley and Alder, 1980; Perdew and Zunger,

where the first, second, and third terms are the internal, zero
point, and vibrational contributions, respectively. The
calculated Helmholtz free energy versus volume was fitted
to isothermal fourth-order finite strain equations of state
(EOSs). The corresponding P versus V were described by a
fourth-order Birch-Murnaghan EOS,
i
3 h
3
P ¼ K0 ðV0 =V Þ7=3 ðV0 =V Þ5=3 1 þ K00  4 ðV0 =V Þ2=3 1
2
4
i2
h
3
00
0
0
þ K0 K0 þ K0  3 K0  4 þ 35=9 ðV0 =V Þ2=3 1
8
ð2Þ

where V0 is volume at zero pressure, K0 is bulk modulus,
K00 = (dK/dP)P=0, and K000 = (d 2K/dP 2)P=0.

3. Equation of State
[5] Our first principles compression curves at t = 300 K
and t = 1100 K are shown in Figure 1a. Our EOS parameters
at room temperature are listed in Table 1 and compared with
experimental data and other calculations. Our calculated
volume, bulk modulus, and its pressure derivative agree
well with experimental results. Our equilibrium volume
differs from the experimental one by less than 0.6% at
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Table 1. Equation of State Parameters for MgOa
V0 (Å3)

K0 (GPa)

K00

K000 (GPa1)

Source

Experiments
74.74
74.7
74.71
74.78
74.71
74.71
74.71
74.7

161.4
160.2
153
160
161
160.2
160.2
161.3

4.29
4.15
4.1
4.15
3.94
3.99
4.03
4.24

75.19
75.11
76.2
74.71
74.49
68.82
73.9
72.1
72.4
77.629
76.049

160
163.2
172
160.31
160.5
183
171.3
173.2
172
151.707
154.183

4.23
4.11
4.004
4.18
4.1
4
4.09
4.09
4.09
4.212
4.141

Vassiliou and Ahrens [1981]
Jackson and Neisler [1982]
Utsumi et al. [1998]
Fei [1999]
Dewaele et al. [2000]
Speziale et al. [2001]
Zha et al. [2000]b
Li et al. [2006]b
Calculations
0.0281
0.025

This study (uncorrected LDA + PP)
This study (uncorrected LDA +PP)
Oganov et al. [2003] (LDA+PP)
Dorogokupets and Oganov [2007](semiempirical)
Matsui et al. [2000] MD simulation
Alfè et al. [2005] QMC static
This study (uncorrected LDA+PP static)
This study (uncorrected LDA+LAPW static)
Mehl et al. [1988] (LDA+LAPW static)
Oganov et al. [2003](GGA+PP static)
Oganov et al. [2003](GGA+PAW static)

a
All results are at room temperature and zero pressure except those denoted by static. LDA, local density approximation; GGA, generalized gradient
approximation; PP, pseudopotential; LAPW, linearized augmented plane wave; APW, projector augmented-wave method; MD, molecular dynamic; QMC,
quantum Monte Carlo.
b
Absolute pressure measurement.

ambient conditions. Although small this difference can
produce a 1 GPa pressure difference if the genuine theoretical result is used as pressure calibrant (see Figure 1a). With
increasing pressure, the electronic system can be better
described by the theory of the inhomogeneous electron
gas at the LDA level. Differences between calculated and
experimental volumes are then expected to decrease with
pressure. Indeed, our EOSs agree exceptionally well with
shock wave data [Svendsen and Ahrens, 1987] (Figure 1b).
One of the important contributions of first principles calculations to the development of EOSs is the computation of
thermal effects. The thermal pressure can be calculated quite
precisely. Thermodynamic properties, in general, can be
obtained quite accurately within the regime of validity of
the QHA, and MgO showcases this [Karki et al., 1999,
2000]. This is also displayed in both, Figures 1a and 1b. The
exceptional agreement between the direct first principles
EOS and shock wave data imply that these results can be
directly used for pressure calibration at ultrahigh pressures
such as P > 100 GPa. This statement is also supported by
the agreement between Li et al.’s [2006] absolute pressure
EOS, whose parameters are measured directly hence avoiding using pressure standard, and our first principles results.
The pressure difference between our and Li et al.’s EOS is
only 1.2 (0.5) GPa at 100 (200) GPa (Figure 1a).
[6] Table 2 shows the isochors of MgO obtained directly
from our first principles calculations. One sees that the
thermal pressure, PT, varies approximately linearly with
temperature and is nearly insensitive to volume. PT (2000 K)
 PT (300 K) is 11 GPa at V/Vo = 1.0 or at 0.625. This
is consistent with Anderson’s [1997] results and other
calculations [Karki, 2000; Oganov and Dorogokupets,
2003a]. One can also see that the calculated pressure is
1.02 GPa at experimental ambient conditions. Therefore

some kind of correction is needed for our EOS to be
predictive with the same experimental accuracy at low
pressures. Since such correction must vanish at high P, we
choose the simple form
DV ¼ DV0 expðP=Pc Þ

ð3Þ

DV0 is the difference between our calculated and experimental zero pressure equilibrium volumes. We change V by
DV in P versus V curves. This correction has negligible
effect on the thermal pressure since it is independent of
temperature and thermal pressure is insensitive to volume,
as pointed above. This type of correction in volume is more
satisfactory than the usual ‘‘pressure shift,’’ at least in the
case of MgO. Pc is a parameter that remains to be determined and we do so by comparing our EOS with experimental data on MgO at low pressures.
[7] In order to determine Pc one must carefully select the
data. In quasi-hydrostatic compressive experiments, pressure is determined by internal pressure calibrants. The EOSs
derived from these experiments inevitably inherit the uncertainties of these pressure scales [Fei et al., 2004a]. In order
to avoid this problem, Ruoff et al. [1973] proposed a method
to determine absolute pressures by simultaneous measurements of density and elasticity. This measurement had been
limited to very low pressures, but more recently Li et al.
[2006] and Zha et al. [2000] extended it to higher pressures.
In these experiments, EOS parameters, i.e., V0, K0 and K00,
are obtained directly and pressure can then be obtained
using the third-order Birch-Murnaghan EOS. These absolute pressure data, together with quasi-hydrostatic compression data at low pressures, and shock wave data have been
used to determine Pc. The results after volume correction
with Pc = 80 GPa are in extremely good agreement with
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Table 2. Isochores for MgOa
x = V/Vo

300 K

1000 K

2000 K

3000 K

4000 K

5000 K

1.000

1.03
(0.00)
5.42
(4.31)
10.42
(9.23)
16.13
(14.86)
22.64
(21.31)
30.09
(28.70)
38.62
(37.19)
48.41
(46.95)
59.66
(58.20)
72.61
(71.18)
87.58
(86.20)
104.90
(103.62)
125.02
(123.86)
148.46
(147.46)
175.88
(175.04)
208.06
(207.40)
245.99
(245.51)
290.92
(290.59)
344.41
(344.21)
408.43
(408.32)
485.51
(485.46)

5.35
(4.24)
9.72
(8.54)
14.70
(13.45)
20.38
(19.06)
26.87
(25.49)
34.29
(32.85)
42.79
(41.31)
52.54
(51.05)
63.75
(62.26)
76.68
(75.22)
91.60
(90.21)
108.90
(107.59)
128.99
(127.81)
152.40
(151.38)
179.79
(178.94)
211.95
(211.28)
249.87
(249.37)
294.78
(294.44)
348.22
(348.01)
412.17
(412.05)
489.11
(489.05)

12.02
(10.68)
16.40
(15.01)
21.39
(19.94)
27.08
(25.58)
33.58
(32.04)
41.02
(39.43)
49.53
(47.92)
59.30
(57.69)
70.54
(68.94)
83.49
(81.94)
98.46
(96.98)
115.81
(114.42)
135.96
(134.71)
159.46
(158.37)
186.94
(186.03)
219.21
(218.49)
257.26
(256.72)
302.30
(301.92)
355.87
(355.62)
419.90
(419.74)
496.84
(496.74)

18.74
(17.10)
23.14
(21.46)
28.15
(26.43)
33.86
(32.11)
40.39
(38.60)
47.84
(46.04)
56.38
(54.57)
66.18
(64.39)
77.46
(75.69)
90.46
(88.75)
105.48
(103.86)
122.90
(121.39)
143.14
(141.78)
166.73
(165.55)
194.34
(193.35)
226.75
(225.96)
264.96
(264.35)
310.17
(309.73)
363.92
(363.61)
428.09
(427.88)
505.09
(504.93)

25.49
(23.49)
29.91
(27.88)
34.94
(32.89)
40.67
(38.61)
47.21
(45.14)
54.69
(52.62)
63.26
(61.20)
73.10
(71.07)
84.41
(82.44)
97.46
(95.56)
112.55
(110.75)
130.03
(128.37)
150.36
(148.87)
174.07
(172.76)
201.80
(200.70)
234.37
(233.47)
272.74
(272.05)
318.14
(317.62)
372.07
(371.69)
436.40
(436.11)
513.48
(513.23)

32.24
(29.84)
36.68
(34.28)
41.73
(39.32)
47.48
(45.08)
54.05
(51.65)
61.55
(59.18)
70.15
(67.81)
80.02
(77.73)
91.38
(89.16)
104.48
(102.35)
119.63
(117.63)
137.19
(135.34)
157.61
(155.94)
181.43
(179.97)
209.30
(208.06)
242.01
(241.00)
280.56
(279.76)
326.15
(325.53)
380.27
(379.79)
444.77
(444.37)
521.93
(521.58)

0.975
0.950
0.925
0.900
0.875
0.850
0.825
0.800
0.775
0.750
0.725
0.700
0.675
0.650
0.625
0.600
0.575
0.550
0.525
0.500
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2000] within the range of validity of the QHA, which is
defined by the position of the inflection point in the thermal
expansivity versus temperature curve at high temperatures
[Wentzcovitch et al., 2004; Carrier et al., 2007]. Beyond the
QHA validity limit, intrinsic anharmonic effects arising
from phonon-phonon interactions become nonnegligible
[Karki et al., 1999, 2000; Wentzcovitch et al., 2004],
especially at low pressures.
[9] Here we adopt a simple semiempirical correction
(Z. Wu and R. M. Wentzcovitch, A simple semi-empirical
anharmonic correction to the quasi-harmonic approximation, manuscript in preparation, 2007) to QHA results to
account for intrinsic anharmonic effects. Behind this type
of correction there is one essential idea: the assumption
that even in the presence of anharmonic effects the QHA
free energy expression (equation (1)) is still applicable if

a
Our direct first principles results are given. Values in parentheses show
results after correction with Pc = 80 GPa and c = 0.1 (see text). The
experimental equilibrium volume is Vo = 74.71 Å3. Values in italics are
outside the region of validity of our EOS.

pressure data from Zha et al. [2000] and Li et al. [2006] in
the pressure range of 0 – 11 GPa (Figure 2a), with pressure
differences being less than 0.1 GPa at 10 GPa. The results
also agree well with quasi-hydrostatic compression data in
the range 0 – 20 GPa (Figure 2b) and with Li et al. [2006]
data up to and beyond 150 GPa (Figure 2a). This correction
with Pc = 80 GPa affects very little results at shock PTs,
e.g., pressure decreases by 0.4 GPa at 250 GPa and 300 K.
Changing Pc from 50 GPa to 100 GPa has very small effect
on pressures (at most 1 GPa at 100 GPa).
[8] Figure 3a shows the EOS at 300 K and 1100 K after
the volume correction (Pc = 80 GPa). Our EOS agrees
extremely well also with high-temperature data. At 1100 K,
V0 = 77.26 Å3, which is very similar to the experimental
one, 77.24 Å3. The consistency is not surprising because the
QHA is expected to work well up to 1100 K. Our
calculated thermodynamics properties are in excellent
agreement with experimental results [see Karki et al.,

Figure 2. Difference in pressure between other scales and
our first principles results (LDA+QHA) corrected by
equation (3) only (anharmonic effect at room temperature
is negligible). Comparison with (a) absolute scales from Li
et al. [2006] EOS and Zha et al. [2000] EOS and (b) quasihydrostatic data.
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somehow it is possible to adopt ‘‘temperature renormalized’’ phonon frequencies [Wallace, 1972]. In a material
like MgO, which has no phonon softening in the PT
regime of our investigation, it is plausible to assume that
at constant volume, phonon frequencies may increase
with temperature. We capture this temperature dependence
by relating the ‘‘renormalized frequencies’’ at high T with

B06204

the calculated quasi-harmonic frequencies at a different
volume:
WðV ; T Þ ¼ wðV 0 Þ 6¼ wðV Þ

ð4Þ

where W(V, T) is the ‘‘renormalized frequency’’ at V  T,
w(V) is the T-independent frequency at V, and w(V0) is the
same at V0. Because anharmonic effects become more
prominent at high temperatures and less pronounced at high
pressures, we choose the following expression for V0:
V 0 ¼ V ð P; T Þf1  c*½V ð P; T Þ  V ð P; 0Þ =V ð P; 0Þg

ð5Þ

where c is a constant parameter to be empirically
determined. Then we have
1X
wj ðq; V 0 Þ
h
2 q; j
X 


þ kB T
ln 1  exp 
hwj ðq; V 0 Þ=kB T

Fc ðV ; T Þ ¼ U0 ðV Þ þ

q; j

¼ U0 ðV Þ  U0 ðV 0 Þ þ F0 ðV 0 ; T Þ

ð6Þ

where F0 and Fc are the standard QHA (equation (1)) free
energy and the modified free energy, respectively, that
accounts for anharmonic effects. This correction introduces
only one adjustable parameter, c. As shown in Figure 3b
and results from Z. Wu and R. M. Wentzcovitch (manuscript in preparation, 2007), anharmonic effects on thermodynamics properties can be satisfactorily captured in this
way by choosing an appropriate value for this parameter, in
this case c = 0.1. For instance, volumes and other
thermodynamic quantities (Z. Wu and R. M. Wentzcovitch,
manuscript in preparation, 2007) are still in excellent
agreement with the experimental data even at T3000 K
(Figure 3b). The Grüneisen parameter, shown in Figure 3,
also agrees much better with experimental values of Isaak et
al. [1989] after the anharmonic correction. Figure 3c
compares values with c = 0.0, i.e., QHA, c = 0.1, the
optimized value for MgO, experimental results, and results
by Oganov and Dorogokupets [2003]. This semiempirical
approach expands considerably the temperature range of
validity of our EOS with respect to that obtained by the
standard QHA [Karki et al., 2000] (see Figure 4).
[10] MgO is an ideal ultrahigh pressure standard not
only because it has a simple structure but also because it is
very stable against pressure. No phase transition has been

Figure 3. (a) Equation of states at 300 K and 1100 K after
volume (Pc = 80 GPa in equation (3)) and anharmonic (c =
0.1 in equation (6)) corrections to the QHA results.
(b)Volume versus temperature at ambient pressure based
on the volume corrected (equation (3)) EOS with and
without anharmonic (equation (6)) correction compared
with experimental data by Fiquet et al. [1999]. (c) Grüneisen
parameters with and without anharmonic (equation (6))
correction compared with experimental data by Isaak et al.
[1989] and calculated results with anharmonic correction by
Oganov et al. [2003].
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Figure 4. Phase diagram of MgO. The upper limit of
validity of our EOS is marked by the black solid line. For
comparison, we also show the QHA limit for both phases
(marked by dashed lines). The experimental melting curves
are from Zerr and Boehler [1994] (cross). Theoretical
melting curves are from Alfè [2005] (solid line), Belonoshko
and Dubrovinsky [1996] (heavy dashed line), Strachan et al.
[1999] (dotted line), Cohen and Gong [1994] (dashed line),
and Vočadlo and Price [1996] (dash dotted line). The B1B2 phase boundary is somewhat uncertain beyond the QHA
limit of validity of the B2 phase. It is drawn at low pressures
only to show the complete comparison of free energies.
Dashed and dotted yellow lines are the phase boundaries
from Oganov et al. [2003] and Strachan et al. [1999],
respectively.

observed experimentally up to 2.3 Mbar [Duffy et al.,
1995]. Our first principles static calculation indicates that
the phase transition from the cubic NaCl-type (B1 structure), periclase, to CsCl-type structure (B2) happens at
500GPa, which is in agreement with the previous first
principles calculations that predicted 490 GPa [Oganov et
al., 2003b], 510 GPa [Mehl et al., 1988; Jaffe et al., 2000;
Habas et al., 1998] and 530 GPa [Umemoto et al., 2006].
The QHA phase boundary of the B1-B2 transition is
depicted in Figure 4. The transition pressure is 490 GPa
at 0 K after inclusion of zero point motion and has a
negative Clapeyron slope. This can be understood as
follows: the number of nearest neighbor changes from
six in the B1 structure to eight in the B2 structure. This
change increases the nearest neighbor distance and
decreases vibrational frequencies in overall. The entropy
is given by

structure would in principle be a viable pressure standard
for experiments conducted even at the highest PTs found at
the Earth’s center.
[11] Table 2 also lists the isochores of MgO derived
after the volume and anharmonic corrections are included.
From this one can see that both corrections are very small.
The anharmonic correction increases with temperature but
decreases with volume. It is 0.61 GPa at 3000 K and
74.71 Å3, the equilibrium volume. A comparison between
pressures offered by our corrected EOS and those offered
by Speziale et al.’s [2001] EOS and Dorogokupets and
Oganov’s [2007] EOS is offered in Table 3. Thermal
pressure in Speziale et al.’s EOS, which was calibrated
using the same shock wave data [Svendsen and Ahrens,
1987] hence also agrees with the latter, depends on
volume. At 0 GPa and 3000 K thermal pressures by these
EOSs are very similar, 17 GPa. At 60% compression and
3000 K, our thermal pressure is 18.8 GPa, while
Speziale et al.’s is 25.5 GPa. Dorogokupets and Oganov’s is more similar to ours, 19.5 GPa. In general, with
increasing pressure, pressure differences between these
three scales increase, more so at low temperatures. Speziale et al.’s underestimation of pressure is expected since
the internal pressure standard, ruby [Mao et al., 1986],
used in their work, has been shown by others [Dewaele et
al., 2004; Chijioke et al., 2005; Aleksandrov et al., 1987;
Holzapfel, 2003; Kunc et al., 2003, 2004; Dorogokupets
and Oganov, 2007] to underestimate pressure, particularly
above 40 GPa. The overestimation of thermal pressure by
Speziale et al.’s EOS at ultrahigh pressure leads to
considerably larger Clapeyron slope for the MgSiO3 post-

Table 3. Comparison Between Our Corrected EOS With Speziale
et al.’s [2001] EOS and Dorogokupets and Oganov’s [2007] EOSa
x = V/Vo

300 K

1000 K

2000 K

3000 K

1.0

0.00
(0.00)
[0.00]
9.23
(9.10)
[9.15]
21.31
(20.83)
[20.99]
37.19
(36.02)
[36.34]
58.20
(55.84)
[56.30]
86.20
(81.93)
[82.37]
123.86
(116.65)
[116.67]
175.04
(163.49)
[162.18]
245.51
(227.72)
[223.23]

4.24
(4.32)
[4.17]
13.45
(13.32)
[13.26]
25.49
(25.10)
[25.08]
41.31
(40.44)
[40.43]
62.26
(60.47)
[60.41]
90.21
(86.84)
[86.53]
127.81
(121.90)
[120.90]
178.94
(169.14)
[166.50]
249.37
(233.83)
[227.65]

10.68
(10.98)
[10.35]
19.94
(19.89)
[19.48]
32.04
(31.78)
[31.37]
47.92
(47.37)
[46.86]
68.94
(67.76)
[67.03]
96.98
(94.57)
[93.40]
134.71
(130.15)
[128.08]
186.03
(178.02)
[174.06]
256.72
(243.45)
[235.67]

17.10
(17.70)
[16.29]
26.43
(26.53)
[25.52]
38.60
(38.54)
[37.56]
54.57
(54.38)
[53.24]
75.69
(75.13)
[73.65]
103.86
(102.39)
[100.33]
141.78
(138.51)
[135.37]
193.35
(187.01)
[181.79]
264.35
(253.18)
[243.94]

0.95
0.9
0.85
0.8
0.75
0.7

S ðV ; T Þ ¼ kB

Xh

xq;j i
 lnð1  exq;j Þ þ kB xq;j
e 1

ð7Þ
0.65

where xq,j = hwj (q, V)/kBT, indicates that a decrease in
frequency is equivalent to an increase in temperature, i. e.,
DS > 0 for the transition from B1 to B2. Then the slope dP/
dT = DS/DV is negative since volume decreases during the
transition. Figure 4 indicates that our EOS of MgO in the B1
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0.6

a
Vo = 74.71 Å3. Values in parentheses are Speziale et al.’s [2001] EOS.
Values in brackets are Dorogokupets and Oganov’s [2007] EOS. Values in
italics are outside the region of validity of our EOS.
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Figure 5. The residual of Helmholtz free energy fits using
various fitting functions.
perovskite phase boundary [Hirose et al., 2006; Ono and
Oganov, 2005] in comparison to other scales.

4. Results and Uncertainties
[12] The numerical calculations and manipulations involved in the ‘‘engineering’’ of these high T EOSs inevitably introduce uncertainties and errors in the predicted
pressure. Here we discuss the source and the magnitude
of the most significant uncertainties.
[13] First principles calculations have significant uncertainties. But, after combining any first principles result with
static compression and absolute pressure data at low PTs
and shock data at high PTs this uncertainty is reduced
essentially to the experimental uncertainty. At low PTs there
is a great deal of consistency between various data sets,
which reduces the uncertainties to small levels. At shock
PTs, the Hugoniot equation of state is quite precise. A main
source of uncertainty is the shock (Hugoniot) temperature,
which is determined by measuring the thermal radiation of
shocked MgO at four wavelengths [Svendsen and Ahrens,
1987]. A high degree of reproducibility of the shock
temperature data indicated that the uncertainty should be
within quoted error bars, since shock temperatures obtained
by this method were well reproduced by others. For
instance, the shock temperature data for iron of Williams
et al. [1987] are well reproduced by Yoo et al. [1993]. The
shock temperature data on SiO2 of Lyzenga et al. [1983]
were also well reproduced by Hicks et al. [2006] using a
different method. In addition, the exceptional agreement
between first principles results with all shock data points
mutually reinforces and validates both results.
[14] Another unavoidable and obvious source of numerical error comes from the choice of the particular EOS:
Vinet, third-, or fourth-order Birch-Murnaghan. First principles results are fitted to these EOSs and some fits are
better than others. As shown in Figure 5, the residuals of the
fits are largest for the Vinet EOS. Third-order BirchMurnaghan is better but the best fit is obtained with the
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fourth-order Birch-Murnaghan. The residual sum of squares
(RSS) are 2.8  107 for the Vinet fit, 2.22  108 for third
order, and 2.12  1010 for the fourth order. This conclusion is consistent with Oganov and Dorogokupets’ [2003]
results but contradicts Cohen et al.’s [2000] conclusion,
which is based on EOSs of metals and molecular solids.
Most likely long-range Coulombic (r1) interactions, which
are not explicitly incorporated in the potential function of
Vinet et al.’s [1989] EOS, are significant in the compression
of ionic solids such as MgO. The pressure difference
produced by third- and fourth-order EOSs are within
0.2 GPa up to 3 Mbar and then increase to 2 GPa at 5 Mbar.
The Vinet EOS pressures differ from the fourth-order EOS
pressures 0.5 GPa up to 3 Mbar and then increase to 6 GPa
at 5 Mbar. At high temperatures the fitting errors increase
even with the fourth order. At 3000 K the RSS is 2.44 
108. It appears that this should introduce errors comparable to those between the third- and fourth-order at 0 K, i.e.,
0.2 GPa up to 3 Mbar and 2 GPa at 5 Mbar.
[15] Hence, we adopt the fourth-order Birch-Murnaghan
EOS (equation (2)) with temperature-dependent parameters.
The temperature dependence of these parameters are fitted
by a fourth-order polynomial in T. After the volume
correction described by equation (3) with Pc = 80 GPa,
and the empirical anharmonic correction given by equation
(6) with c = 0.1, we obtain the coefficients of these
polynomial as listed in Table 4. The error introduced by
the polynomial fit is less than 0.3% in P up to 5 Mbar. The T
dependence of K0, K00, and K000 are shown in Figures 6a and
6b. Figure 6a shows very good agreement between our
isothermal and adiabatic bulk moduli and those measured
by ultrasonic resonance [Isaak et al., 1989] and Brillouin
scattering experiments [Sinogeikin et al., 2000] at ambient
pressure.
[16] As mentioned above the combination of first principles results with experimental data reduces the uncertainties
in the room temperature EOS to the experimental uncertainties. There is however, an intermediate pressure range in
which no experimental data is available. In this regime,
uncertainties inherent to the first principles part should be
estimated. Comparison with all electron calculations offer a
sensible estimate of this error. We therefore conducted all
electron calculations as similar as possible to our pseudopotential one. These LAPW calculations have been performed using the WIEN2k code [Blaha et al., 2001] and
used the same 10 special k points used in pseudopotential
calculations. The Muffin-Tin radii (RMT) are chosen to be
1.60 Bohr and 1.55 Bohr for Mg and O, respectively. Rmin
MT
Kmax = 8 was used for the expansion of the basis set. The
calculation reproduced well previous LAPW results [Mehl

Table 4. Coefficients of a Fourth-Order Polynomial Fit of
Temperature Dependence of the Equation of State Parametersa
a0
a1
a2
a3
a4

V0 (Å3)

K0 (GPa)

K0 0

A

74.185
1.550
1.397
0.385
0.0602

168.80
23.22
3.573
1.107
0.125

4.2516
0.1442
0.0495
0.0195
0.00404

0.1526
0.0769
0.0022
0.00248
6.542  104

a
Y = a0 + a1T + a2T2 + a3T3 + a4T4. Temperature is in units of 1000 K.
Here A = 38 [K0K000 + (K00  3)(K00  4) + 35/9].
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documented by comparisons with high T experimental data
[Karki et al., 1999; Karki et al., 2000]. Here, we have
introduced a correction to account for anharmonic effects
which further improves the quality of predictions beyond
those of the QHA. After these corrections, thermodynamic
properties such as thermal expansivity, a, and bulk modulus,
KT, agree with experimental data within experimental uncertainties (Z. Wu and R. M. Wentzcovitch, manuscript in
preparation, 2007) within the region of validity of our EOS
(also see Figure 6a). The thermal pressure is given by
Z

T

Pth ¼

aKT dT
0

is approximately linear with temperature, and almost
independent of volume. It is about 12 GPa at 2,000 K
(11.7 GPa at 0 GPa to 11.4 GPa at 5 Mbar). Therefore, the
uncertainty in the thermal pressure should be small. For
example, it is less than 0.25 GPa up to 5 Mbar at 2,000 K if
the experimental uncertainties in a and KT are 1%.
[18] Therefore, we conclude that the combined numerical
uncertainties introduced by these factors produce an error
approaching 1% in pressure in the entire range of validity of
our EOS and is maximum at the highest pressures. However, there are only few shock data points confirming our
predicted pressures in the multimegabar regime and this
EOS relies heavily on the exceptional agreement of first
principles results and shock wave data. Further shock

Figure 6. (a) Predicted temperature dependence of
isothermal (from K0 values in Table 4) and adiabatic bulk
moduli at zero pressure compared with experiment data,
(b) temperature dependence of K00 and K000 (from K00 and A
values in Table 4).

et al., 1988]. The LAPW and pseudopotential calculations
provide essentially the same K0 and K00, even though the
equilibrium volumes differ by about 2.5% (see Table 1 and
Figure 7). This difference is not atypical of first principles
calculations, but does not compromise the quality of the
EOSs offered here. It is possible to bring static pseudopotential and LAPW EOSs, and therefore, LAPW and experimental data into agreement by using a similar correction to
that of equation (3): DV = DV1 exp (P/80) + DV2. Static
pressures derived from these two calculations differ by less
than 1 GPa up to 5 Mbar. Therefore, nearly identical
pressure scales could be produced from these two types of
calculations. We chose to proceed with our pseudopotential
results because they require smaller corrections than LAPW
results to match experimental data, including Vo at 300 K
and shock data.
[17] The remaining source of uncertainty is the quasiharmonic calculation that gives the thermal pressure. The
accuracy of these calculations for MgO has been extensively

Figure 7. Static EOS from LAPW (dashed line) and
pseudopotential (PP) (solid line) calculations.
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Figure 8. Postspinel phase boundary obtained using our
EOS (solid line) and Speziale et al.’s [2001] EOS (dashed
line).
experiments on MgO are highly desirable for confirmation
or further improvements of this EOS.

5. Recalculation of Mantle Phase Transition
Boundaries
5.1. Postspinel Phase Transition Boundary
[19] In recent high-pressure experimental studies based
on in situ X-ray diffraction measurements, pressures were
calculated using high-temperature EOSs of internal pressure standards. However, there is an extensive debate on
the accuracy of such EOSs [Hirose et al., 2001; Fei et
al., 2004b]. Irifune et al. [1998] determined the postspinel
phase transition boundary in Mg2SiO4 using Au EOS by
Anderson et al. [1989] as pressure standard. Their results
demonstrated that the phase transition occurs at pressures
2.5 GPa lower than that at 660-km depth, i.e., that
corresponding to the major seismic discontinuity. Similar
experimental study by Fei et al. [2004b] used MgO as a
pressure standard and the EOSs reported by Speziale et
al. [2001]. They showed that the transition pressure is
very close to that of the 660-km depth and the mismatch
is only 0.3 GPa if the temperature is 1873 K at this depth
(Figure 8).
[20] Here we recalculated the postspinel phase transition
boundary using data by Fei et al. [2004b] and our new EOS
of MgO (Figure 8). The results show that our EOS predicts
very similar pressures to those predicted by Fei at al.
[2004b] using Speziale et al.’s [2001] MgO scale. The former
gives transition pressures lager (smaller) by 0.06 GPa
than the latter at 1673 (2173) K. At 660 km depth, i.e., at
23.4 GPa, the transition temperature is 1580 K and 1620 K
according to Fei et al. [2004b], using Speziale et al.’s scale,
and by using our EOS, respectively. The Clapeyron slope is
1.3 MPa/K using Speziale et al.’s EOS and 1.5 MPa/K
using ours.
5.2. Postperovskite Phase Transition Boundary
[21] Murakami et al. [2004] showed that based on the Pt
pressure scale proposed by Jamieson et al. [1982], the
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postperovskite phase transition in MgSiO3 [Murakami et
al., 2004; Tsuchiya et al., 2004; Oganov and Ono, 2004]
occurs above 125 GPa and 2500 K. This phase transition
boundary was examined later using a different EOS for Pt
[Ono and Oganov, 2005] and different pressure standards
such as Au and MgO [Hirose et al., 2006]. The location of
the perovskite to postperovskite phase transition boundary
varies by as much as 15 GPa due to inconsistencies between
these pressure scales. Moreover, these pressure scales predict significantly different thermal pressures. This leads to
large differences in measured Clapeyron slopes, from
+5 MPa/K to +11.5 MPa/K [Ono and Oganov, 2005; Hirose
et al., 2006].
[22] We recalculated the experimental pressures from
Hirose et al. [2006] based on the present EOS of MgO
(Figure 9). Compared to Speziale et al.’s [2001] EOS, our
EOS gives pressures higher by 3.5 GPa at 1340 K and 2 GPa
at 2330 K at 110– 120 GPa. The recalculation shows that
the postperovskite phase transition in MgSiO3 occurs at
121 GPa, corresponding to 2650-km depth, if the temperature is 2500 K. This matches the location of the D00 seismic
discontinuity [e.g., Wysession et al., 1998] at the depths of
2550– 2750 km. The Clapeyron slope is estimated to be
+9.7 MPa/K, more consistent with results from first principles calculations by Tsuchiya et al. [2004] and Oganov and
Ono [2004] (+7.5 to +10.0 MPa/K) (see Table 5).
[23] Using our present EOS, the postperovskite transition
temperature at core-mantle boundary pressures is estimated
to be 3900 K. The double seismic discontinuities within
the D00 layer suggests that postperovskite transforms back to
perovskite near the base of the mantle due to a strong
temperature gradient in the thermal boundary layer [Thomas
et al., 2004; Hernlund et al., 2005]. If true, temperatures at
the bottom of the mantle should be higher than 3900 K. This
is consistent with the estimated value of 4000 K [Boehler,
1996; Alfè et al., 2007] based on the melting temperature of
iron at the inner core boundary. Moreover, this temperature

Figure 9. Postperovskite phase boundary obtained using
our EOS (solid line) and Speziale et al.’s [2001] EOS
(dashed line).
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Table 5. The Clapeyron Slope of the MgSiO3 Postperovskite
Phase Transition
Clapeyron Slope
(MPa/K)
This scale
Speziale et al.’s scale
Tsuchiya et al.’s Au
scale
Holmes et al.’s [1989]
Pt scale
Jamieson et al.’s [1982]
Au scale
Theory

Source

9.7
11.5
5

Hirose et al. [2006]
Hirose et al. [2006]
Hirose et al. [2006]

7.0

Ono and Oganov [2005]

8.0

Ono and Oganov [2005]
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